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Abstract
We study Uq(ŝln) analog of the XXZ spin chain with a boundary magnetic field
h. We construct explicit bosonic formulas of the vacuum vector and the dual
vacuum vector with a boundary magnetic field. We derive integral formulas of
the correlation functions.
1
1 Introduction
In the standard treatment of quantum integrable systems, one starts with a finite
box and impose periodic boundary conditions, in order to ensure integrability.
Recently, there has been increasing interest in exploring other possible boundary
conditions compatible with integrability.
For the free fermionic models, there have been obtained many explicit for-
mulas of the correlation functions with non-periodic boundary conditions. In
this category, the work on the two dimensional Ising model by B.M. McCoy
and T.T. Wu [1] are among the earliset. They derived the spin-spin correlation
functions with a boundary field, by combinatorial arguments. For an impene-
trable Bose gas model, T. Kojima derived the ground state correlation functions
[2] and the time dependent correlation functions [3] with Dirichlet or Neumann
conditions.
In this paper we are interested in the non free fermion model. For the non
free fermion model, E.K. Sklyanin [4] began a systematic approach to open
boundary problem, so-called open boundary Bethe Ansatz. He formulated the
transfer matrix to open boundary problem, and derived the Bethe Ansatz equa-
tions. Jimbo et al.[5] united Sklyanin’s open boundary Bethe Ansatz and Kyoto
school’s method [6] - so called representation theory approach to solvable models.
They studied XXZ model with a boundary,which are governed by the quantum
affine symmmetry Uq(ŝl2). They constructed explicit bosonic formulas of the
vacuum vector with an arbitrary boundary magnetic field. They derived integral
formulas of the boundary magnetizations. H. Ozaki [7] studied Uq(ŝl3) analog
of the XXZ chains with a boundary. He constructed explicit bosonic formulas of
the vacuum vector for the special boundary conditions. In this paper we studied
Uq(ŝln) analog of the XXZ chains with an arbitrary boundary magnetic field h.
Our results are new even for Uq(ŝl3) case.
The Hamiltonian of our model is given by
HB =
∞∑
k=1
cosh(γ)
n−1∑
a,b=0
e(k+1)aa e
(k)
bb + sinh(γ)
n−1∑
a,b=0
sgn(b− a)e(k+1)aa e(k)bb
−
n−1∑
a,b=0
a6=b
e
(k+1)
ab e
(k)
ba
+ h
M−1∑
a=L
e(1)aa − 2 sinh(γ)
{
L−1∑
a=0
e(1)aa −
n−1∑
a=M
e(1)aa
}
, (1)
where 0 ≤ γ < +∞ and 0 ≤ L ≤ M ≤ n − 1. The Hamiltonian acts on the
semi infinite tensor products of Cn. We construct explicit bosonic formulas of
the vacuum vector and the dual vacuum vector with a boundary magnetic field.
Using bosonization of the vacuum, the dual vacuum and the vertex operators
[9], we derive integral formulas of the correlation functions.
Now a few words about the organization of this paper. In Section 2, we
formulate our problem. In Section 3, we construct explicit bosonic formulas
of the vacuum vector and the dual vacuum vector. In Section 4, we derive
integral formulas of the correlation functions. In Appendix we summarize the
bosonizations of the Vertex operators, for reader’s convenience.
2 Formulation
The purpose of this section is to formulate our problem.
2.1 Notation
We fix a real number −1 < q < 0 and an integer n ∈ N− {0, 1}. In the sequel,
we denote (qk − q−k)/(q− q−1) by [k]. Let P be a free Abelian group on letters
Λ1, · · · ,Λn−1, δ.
P = ⊕n−1i=0 ZΛi ⊕ Zδ.
We call P the weight lattice. Let h1, · · · , hn−1, d be an ordered basis of P ∗ =
Hom(P,Z) dual to Λ1, · · · ,Λn−1, δ.
〈Λi, hj〉 = δij , 〈Λi, d〉 = 0, 〈δ, hj〉 = 0, 〈δ, d〉 = 1.
Let us set the simple roots as
α0 = −Λn−1 + 2Λ0 − Λ1 + δ, αj = −Λj−1 + 2Λj − Λj+1, (j = 1, · · · , n− 1).
The projection to classical lattice is given by
Λ¯i = Λi − Λ0, δ¯ = 0.
The invariant bilinear form on (·|·) : P × P → Z by
(αi|αj) = −δi,j−1 + 2δi,j − δi,j+1, (δ|δ) = 0.
The quantum affine algebras Uq(ŝln) are algebras with 1 over C, defined by the
generators ei, fi, t
±1
i = q
±hi , qd, (i = 0, · · · , n−1) through the following defining
relations :
titj = tjti, tiejt
−1
i = q
〈αj ,hi〉ej, tifjt−1i = q
−〈αj ,hi〉fj,
[ei, fj ] = δi,j
ti − t−1i
q − q−1 ,
b∑
k=0
(−1)k
[
b
k
]
eki eje
b−k
i = 0,
b∑
k=0
(−1)k
[
b
k
]
fki fjf
b−k
i = 0,
where we have set
b = 1− 〈αi, hj〉,
[
b
k
]
=
[b]!
[k]![b− k]! , [k]! = [k][k − 1] · · · [1].
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Let us set U ′q(ŝln) be the subalgebra of Uq(ŝln) generated by ti, ei, fi, (i =
0, · · · , n − 1). Let us set Uq(sln) be the subalgebra of Uq(ŝln) generated by
ti, ei, fi, (i = 1, · · · , n− 1). We denote the irreducible highest weight Uq-module
with highest weight λ by V (λ). Let V be a finite dimensional representation
of Uq(sln). The evalutation module Vz = V ⊗ C[z, z−1] in the homogeneous
picture is the following Uq(ŝln)-module defined by
e0(v ⊗ zm) = (f1v)⊗ zm+1, ej(v ⊗ zm) = (ejv)⊗ zm, (j = 1, · · · , n),
f0(v ⊗ zm) = (e1v)⊗ zm−1, fj(v ⊗ zm) = (fjv)⊗ zm, (j = 1, · · · , n),
t0 = t
−1
1 , t1(v ⊗ zm) = (t1v)⊗ zm, d = z
d
dz
.
2.2 Solvable Model
Fix the number i ∈ {0, 1, · · · , n − 1}. Let V = Cv0 ⊕ Cv1 ⊕ · · · ⊕ Cvn−1 be a
basic representation of Uq(sln). Let the R-matrix R
(i)(z1/z2) ∈ End(Vz1 ⊗ Vz2)
be an intertwiner of Uq(ŝln) in the homogeneous picture,
PR(i)(z1/z2) : Vz1 ⊗ Vz2 → Vz2 ⊗ Vz1 .
Fixing the normalization constant, the R-matrix R(z) is given by
R(i)(z)k,lm,j =
1
κ(i)(z)
×

(1− q2)√z
1− q2z δm,kδj,l
√
z
sgn(k−l)
+
(1 − z)q
1− q2z δm,lδj,k, 0 ≤ k 6= l ≤ n− 1,
δm,k, 0 ≤ k = l ≤ n− 1.
Here we have set
κ(i)(z) = zδi,0
(q2z−1; q2n)∞(q2nz; q2n)∞
(q2z; q2n)∞(q2nz−1; q2n)∞
,
where (z; p)∞ =
∏∞
n=1(1− zpn) .
The R-matrix R(i)(z) satisfies the Yang-Baxter equation. Let us fix the integer
number 0 ≤ L ≤ M ≤ n − 1 and r ∈ R. Let us set the reflection K-matrix
K(i)(z) ∈ End(Vz) [7], [8], by
K(i)(z) =
ϕ(i)(z)
ϕ(i)(1/z)

k0(z)
k0(1/z)
k1(z)
k1(1/z)
· · ·
kn−2(z)
kn−2(1/z)
kn−1(z)
kn−1(1/z)
 ,
where we have set
k0(z) = · · · = kL−1(z) = z,
kL(z) = · · · = kM−1(z) = 1− rz,
4
kM (z) = · · · = kn−2(z) = kn−1(z) = 1.
The scalar functions ϕ(i)(z) are given by (15), (18), (19), (20), (28), (29), and
(30). The refrection matrix K(i)(z) satisfies the Boundary Yang-Baxter equa-
tion.
K
(i)
2 (z2)R
(i)
21 (z1z2)K
(i)
1 (z1)R
(i)
12 (z1/z2) = R
(i)
21 (z1/z2)K
(i)
1 (z1)R
(i)
12 (z1z2)K
(i)
2 (z2).
Note. de Vega and Ruiz [8] found the special diagonal solutions for the case
L = 0, 1 ≤ M ≤ n − 1 and 0 ≤ L = M ≤ n − 1. Ozaki [7] found the general
diagonal solutions as the same arguments as in [8].
Graphically, an elements of the R-matrix R(i)(z)klmj is the picture described
in Figure 1. An element of the reflection K-matrix K(i)(z)kj is the picture de-
scribed in Figure 2.
k
j
z
z−1
z
j
k
l
Figure 1 Figure 2
m
The Type-I Vertex operator Φµ,Vλ (z) is an intertwining operator of Uq(ŝln) de-
fined by
Φµ,Vλ (z) : V (λ)→ V (µ)⊗ˆVz .
The Type-I dual Vertex operator is an intertwing operator of Uq(ŝln) defined
by
Φλµ,V (z) : V (µ)⊗ Vz → Vˆ (λ).
Lut us set the components of the vertex operators Φµ,Vλ,j (z) as follows.
Φµ,Vλ (z)|u〉 =
n−1∑
j=1
Φµ,Vλ,j (z)|u〉 ⊗ vj , for |u〉 ∈ V (λ).
Lut us set the components of the vertex operators Φλµ,V,j(z) as follows.
Φλµ,V (z)(|u〉 ⊗ vj) = Φλµ,V,j(z)|u〉, for |u〉 ∈ V (µ).
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Only Φ
V (Λj),V
V (Λj+1)
(z), Φ
V (Λj+1)
V (Λj),V
(z) are nontrivial. We take the following normaliza-
tions.
Φ
V (Λi),V
V (Λi+1)
(z)|Λi+1〉 = |Λi〉 ⊗ vi + · · · ,
Φ
V (Λi+1)
V (Λi),V
(z)|Λi〉 ⊗ vi = |Λi+1〉+ · · · ,
where |Λi〉 is the highest vector of V (Λi). Let us consider the product of the
vertex operators. Let us fix the following notation.
(1)Φ
V (Λi−2),V
V (Λi−1)
(z1)
(2)Φ
V (Λi−1),V
V (Λi)
(z2)
=
n−1∑
j1,j2=0
Φ
V (Λi−2),V
V (Λi−1),j1
(z1)Φ
V (Λi−1),V
V (Λi),j2
(z2)⊗ vj1 ⊗ vj2 .
The vertex operators satisfy
R(i)(z1/z2)
(1)Φ
V (Λi−2),V
V (Λi−1)
(z1)
(2)Φ
V (Λi−1),V
V (Λi)
(z2)
= (2)Φ
V (Λi−2),V
V (Λi−1)
(z2)
(1)Φ
V (Λi−1),V
V (Λi)
(z1).
In the sequel, we use the abberivations
Φ
(i,i+1)
j (z) = Φ
V (Λi),V
V (Λi+1),j
(z), Φ
∗(i+1,i)
j (z) = Φ
V (Λi+1)
V (Λi),V,j
(z)
Graphically, the vertex operator is the picture described in Figure 3. The dual
vertex operator is the picture described in Figure 4.
Φj(z) =
z
j
jΦ∗j (z) =
z−1
Figure 3
Figure 4
We define the normalized transfer matrix by
T
(i)
B (z) = gn
n−1∑
j=0
Φ
∗(i,i−1)
j (z
−1)K(i)(z)jjΦ
(i−1,i)
j (z), (2)
where we have used
gn =
(q2; q2n)∞
(q2n; q2n)∞
.
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Graphically, the transfer matrix T
(i)
B (z) in the semi-infinite chain, is the picture
in Figure 5. It describes a semi-infinite two-dimensional lattice, with alternating
spectral parameter.
z
z−1
Figure 5
T
(i)
B (z) =
The renormalized Hamiltonian H
(i)
B in (1) is then defined by
d
dz
T
(i)
B (z)
∣∣∣∣
z=1
=
q
1− q2H
(i)
B + const, (3)
where we set
h =
1− q2
q
× r + 1
r − 1 , q = −e
−γ .
Here the right hand side H
(i)
B acts on the space H(i), where H(i) is the span
of vectors |p〉 = ⊗∞k=1vp(k), called paths, labelled by maps p : Z ≥ 1 → Z/nZ
satisfying the asymptotic boundary condition
p(k) = k + i ∈ {0, 1, 2, · · · , n− 1} = Z/nZ, for k >> 1.
We have identified the highest weight module V (Λi) and the path space H(i),
following the strategy proposed in Ref. [6]. In order to diagonalize the Hamilto-
nian H
(i)
B in (1), we diagonalize the transfer matrix T
(i)
B (z). Using the Boundary
Yang-Baxter equations, we have
[T
(i)
B (z), T
(i)
B (z
′)] = 0, T (i)B (1) = id, T
(i)
B (z)T
(i)
B (z
−1) = id.
This commuting relation of the transfer matrix asserts the integrability of this
problem.
3 Vacuum Vectors
The purpose of this section is to construct the explicit bosonic formulas of the
vacuum vector |i〉B such that
T
(i)
B (z)|i〉B = |i〉B, (i = 0, · · · , n− 1), (4)
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which is realized as
|i〉B = eFi |i〉,
where |i〉 is the highest weight vector of V (Λi), and Fi is a quadratic in the
boson operators. Multiplying the vertex operator Φ
(i−1,i)
j (z
−1) from the left,
and using the inversion relation,
gnΦ
(i−1,i)
j (z)Φ
∗ (i,i−1)
j (z) = id, gn =
(q2; q2n)∞
(q2n; q2n)∞
,
we know the eigenvalue problem (4) is equivalent to
K(i)(z)jjΦ
(i−1,i)
j (z)|i〉B = Φ(i−1,i)j (z−1)|i〉B . (5)
We construct the dual vacuum vectors B〈i| such that
B〈i|T (i)B (z) = B〈i|, (i = 0, · · · , n− 1), (6)
which is realized as
B〈i| = 〈i|eGi,
where 〈i| is the lowest weight vector of the restricted dual module V ∗(Λi), and
Gi is a quadratic in the boson operators. As the same argument as the vacuum
vectors, we know the eigenvalue problem (6) is equivalent to
K(i)(z)jj B〈i|Φ∗ (i,i−1)j (z−1) = B〈i|Φ∗ (i,i−1)j (z). (7)
The scalar factor of the refrection matrix ϕ(i)(z) are given by (15), (18), (19),
(20), (28), (29), and (30).
Note. H. Ozaki [7] constructed the vacuum vector |0〉B for Uq(ŝl3), V (Λ0),
(a) L = M = 2 or (b) L = 0,M = 2 cases. Our results are new for Uq(ŝl3)-
case.
3.1 Vacuum
Let us consider the vacuum vector |i〉B. Since the total spin is conserved, it
should be a linear combination of the states created by the oscillators as(−k)
over the highest weight vector |i〉. We make the ansatz that it has the following
form.
|i〉B = eFi |i〉,
where
Fi =
n−1∑
s,t=1
∞∑
k=1
αs,t(k)as(−k)at(−k) +
n−1∑
s=1
∞∑
k=1
β(i)s (k)as(−k).
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The operator eFi has the effect of a Bogoliubov transformation,
e−Fiaj(k)eFi = aj(k) +
n−1∑
s,t=1
αs,t(k)
(
[(aj |as)k][k]
k
at(−k) + (s↔ t)
)
+
n−1∑
s=1
β(i)s (k)
[(aj |as)k][k]
k
.
Using the bosonic formulas of the vertex operators, we have the (n − 1)-th
component of the equation (5) as follows,
ϕ(i+1)(z)z
n−i−1
n
+(Λ¯n−1|Λ¯i+1)eP (z)qQ(z)eFi+1 |i + 1〉 = (z ↔ z−1).
Comparing the bosonic parts of the both sides, we have
αs,n−1(k) = −1
2
[sk]k
[k]2[nk]
q(2n+2)k, (1 ≤ s ≤ n− 1).
Comparing the bosonic part of the j-th component of the equation (5), we have
αs,t(k) =
−kq2(n+1)k
2[k]
× Is,t(k). (8)
Here the matrix (Is,t(k))1≤s,t≤n−1 is the inverse matrix of the A-type Cartan
matrix ([(as|at)k])1≤s,t≤n−1. More explicitly
Is,t(k) =
[sk][(n− t)k]
[k]2[nk]
= It,s(k), (1 ≤ s ≤ t ≤ n− 1). (9)
Using the explicit formulas of αs,t(k), we have the simple formulas of the action
of the basic operators to the vacuum vectors.
eQ(z)|i〉B = h(i)(z)eP (1/z)|i〉B,
eS
−
j (w)|i〉B = g(i)j (w)eR
−
j (q
2(n+1)/w)|i〉B, (1 ≤ j ≤ n− 1),
where
h(i)(z) = exp
(
−1
2
∞∑
k=1
[(n− 1)k]
[nk]k
qkz−2k −
∞∑
k=1
[k]
k
β
(i)
n−1(k)q
−(2n+1)k/2z−k
)
,
and
g
(i)
j (w) = exp
(
−1
2
∞∑
k=1
[2k]q(2n+3)k
k[k]
w−2k +
∞∑
k=1
n−1∑
s=1
β(i)s (k)
[(as|aj)k]
k
qk/2w−k
)
.
The (n− 1)-th component of the equation (5) reduces to
ϕ(i)(z) = zδi,0−1h(i)(z−1), (0 ≤ i ≤ n− 1). (10)
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When we find the functions g
(i)
j (w), (1 ≤ j ≤ n − 1), we can determine both
β
(i)
j (k), (1 ≤ j ≤ n− 1), and h(i)(z).
First we consider the case |0〉B, and 0 ≤ L < M ≤ n − 1. We show the
following pair of g
(0)
j (q
n+1w) give the vacuum vector.
g
(0)
j (q
n+1w) =

(1− 1/w2)(1 − q−n+2M−L/(rw)), j = L
(1− 1/w2)(1 − qn−Mr/w), j =M
(1 − 1/w2), j 6= L,M.
(11)
The (n− 2)-th component of the equation (5) reduces to∮
dwn−1
2piiwn−1
z−1kn−2(z)wn−1g
(0)
n−1(q
n+1wn−1)
(1− qwn−1/z)(1− qz/wn−1)(1 − q/(zwn−1))
× eP (z)+P (1/z)+R−n−1(qn+1wn−1)+R−n−1(qn+1/wn−1)|0〉B = (z ↔ z−1),
where the contour encircles w = 0, qz±1 but not q−1z±1. Because the bosonic
part of this equation is invariant under the change of variable wn−1 → w−1n−1
and z → z−1, this equation reduces to the following integrand relation.
g
(0)
n−2(q
n+1w)
g
(0)
n−2(qn+1/w)
= −w−2 kn−2(z)/z(1− qz/w)− kn−2(1/z)z(1− q/(zw))
kn−2(z)/z(1− qzw)− kn−2(1/z)z(1− qw/z) .
Therefore we have
g
(0)
n−2(q
n+1w) =
{
1− 1/w2, for kn−2(z) = 1
(1− 1/w2)(1 − rq/w), for kn−2(z) = 1− rz.
The (n− k)-th component of the equation (5) reduces to∮
dwn−1
2piiwn−1
· · ·
∮
dwn−k+1
2piiwn−k+1
wn−k+1g
(0)
n−1(q
n+1wn−1) · · · g(0)n−k+1(qn+1wn−k+1)
× z−1kn−k(z) (1− qzwn−1)(1− qwn−1wn−2) · · · (1 − qwn−k+2wn−k+1)
D(z, wn−1)D(wn−1, wn−2) · · ·D(wn−k+2, wn−k+1) e
P (z)+P (1/z)
× eR−n−1(qn+1wn−1)+R−n−1(qn+1/wn−1)+···+R−n−k+1(qn+1wn−k+1)+R−n−k+1(qn+1/wn−k+1)|0〉B
= (z ↔ z−1),
where we have set
D(w1, w2) = (1− qw1/w2)(1 − qw2/w1)(1− qw1w2)(1− q/(w1w2)).
Here the contour of the integral
∮ dwj
2piiwj
encircles 0 and qw±1j+1 but not q
−1w±1j+1.
(wn = z) Because the bosonic part of this equation and the functionD(wj , wj+1)
are invariant under the change of variables wj → w−1j and z → z−1, this
equation reduces to the following integrand relations.
g
(0)
j (q
n+1w)
g
(0)
j (q
n+1/w)
=

−w−2, j 6= L,M,
−w−2 (1− q
−n+2M−L/(rw))
(1− q−n+2M−Lw/r) , j = L,
−w−2 (1− q
n−Mr/w)
(1− qn−Mrw) , j = M.
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Therefore we have the relation (11).
As the same arguments as the above, we can construct g
(0)
j (q
n+1w) for the
case 0 ≤ L = M ≤ n− 1. We have
g
(0)
j (q
n+1w) =
{
1− 1/w2, j 6= L,
1− 1/w4, j = L. (12)
Now we have solved the problem for |0〉B case. The coefficients of the bosonic
operators are given by (8) and
β
(0)
j (k) = (q
(n+3/2)k − q(n+1/2)k)θk
n−1∑
s=1
Iˆj,s(k) (13)
+
{ −Iˆj,L(k)q(2M−L+1/2)kr−k − Iˆj,M (k)q(2n−M+1/2)krk, (0 ≤ L < M ≤ n− 1)
−2(−1)k/2θk Iˆj,L(k)q(n+1/2)k, (0 ≤ L = M ≤ n− 1).
Here we have used the symmetric matrix Iˆs,t(k) defined by
Iˆs,t(k) =
{
0, (st = 0),
Is,t(k), (1 ≤ s, t ≤ n− 1), (14)
where we have used the inverse matrix of the A-type Cartan matrix Is,t(k) (9).
We have used
θk =
{
1, for k = even,
0, for k = odd.
Using the explicit formulas of β
(0)
n−1(k), we have the scalar factor of the refrection
matrix.
ϕ(0)(z) =
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
(15)
×

(rq2nz; q2n)∞(r−1q2Mz; q2n)∞
(rq2n−2M z; q2n)∞(r−1q2M−2Lz; q2n)∞
, (0 ≤ L < M ≤ n− 1),
(−q2(n+L)z2; q4n)∞
(−q2(n−L)z2; q4n)∞ , (0 ≤ L =M ≤ n− 1).
As the same arguments as the above, we can construct |i〉B, (1 ≤ i ≤ n − 1).
For |i〉B case, the integrand functions satisfy the following relations.
g
(i)
j (q
n+1w)
g
(i)
j (q
n+1/w)
= w2δi,j
g
(0)
j (q
n+1w)
g
(0)
j (q
n+1/w)
.
We have
g
(L)
j (q
n+1w) =

(1− 1/w2)
(1 − rqn−2M+L/w) , j = L,
(1 − 1/w2)(1− qn−Mr/w), j =M,
(1− 1/w2), j 6= L,M,
 1 ≤ i ≤ n− 1i = L
0 ≤ L < M ≤ n− 1
 ,
11
g
(M)
j (q
n+1w) =

(1 − 1/w2)(1− q−n+2M−L/(rw)), j = L,
(1− 1/w2)
(1− qM−n/(rw)) , j =M,
(1− 1/w2), j 6= L,M,
 1 ≤ i ≤ n− 1i = M
0 ≤ L < M ≤ n− 1
 ,
g
(i)
j (q
n+1w) =

(1− 1/w2), j 6= i, L,M,
(1 − 1/w2)(1− q−n+2M−L/(rw)), j = L,
(1 − 1/w2)(1− qn−Mr/w), j = M,
(1− 1/w2)
(1 + 1/w2)
, j = i,
 1 ≤ i ≤ n− 1i 6= L,M
0 ≤ L < M ≤ n− 1
 ,
and
g
(i)
j (q
n+1w) =

(1 − 1/w4), j = L,
(1 − 1/w2), j 6= i, L,
(1 − 1/w2)
(1 + 1/w2)
, j = i,
(
1 ≤ i ≤ n− 1
i 6= L, 0 ≤ L =M ≤ n− 1
)
,
g
(i)
j (q
n+1w) = (1− 1/w2),
(
1 ≤ i ≤ n− 1
0 ≤ L = M = i ≤ n− 1
)
.
The coefficients of the bosonic operators are given by
β
(i)
j (k) = (q
(n+3/2)k − q(n+1/2)k)θk
n−1∑
s=1
Iˆj,s(k)
+

Iˆj,L(k)q
(2n−2M+L+1/2)krk − Iˆj,M (k)q(2n−M+1/2)krk, (i = L)
−Iˆj,L(k)q(2M−L+1/2)kr−k + Iˆj,M (k)q(M+1/2)kr−k, (i =M)
−Iˆj,L(k)q(2M−L+1/2)kr−k − Iˆj,M (k)q(2n−M+1/2)krk
+2(−1)k/2θk Iˆj,i(k)q(n+1/2)k, (i 6= L,M),
(16)
(
1 ≤ i ≤ n− 1
0 ≤ L < M ≤ n− 1
)
,
and
β
(i)
j (k) = (q
(n+3/2)k − q(n+1/2)k)θk
n−1∑
s=1
Iˆj,s(k) (17)
+ 2(−1)k/2θkq(n+1/2)k(−Iˆj,L(k) + Iˆj,i(k)),
(
1 ≤ i ≤ n− 1
0 ≤ L = M ≤ n− 1
)
,
where we have used the matrix Iˆs,t(k) defined in (14). The scalar factor of the
refrection matrix is given by
ϕ(i)(z) = z−1
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
(18)
×

(q2nrz; q2n)∞
(q2L−2M+2nrz; q2n)∞
, (i = L),
(r−1z; q2n)∞
(q2M−2Lr−1z; q2n)∞
, (i = M),
(
1 ≤ i ≤ n− 1
0 ≤ L < M ≤ n− 1
)
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ϕ(i)(z) = z−1
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
(q2nrz; q2n)∞(q2Mr−1z; q2n)∞
(q2n−2Mrz; q2n)∞(q2M−2Lr−1z; q2n)∞
× (−q
2n−2iz2; q4n)∞
(−q2n+2iz2; q4n)∞ ,
(
1 ≤ i ≤ n− 1, i 6= L,M
0 ≤ L < M ≤ n− 1
)
(19)
and
ϕ(i)(z) = z−1
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
(20)
× (−q
2(n+L)z2; q4n)∞(−q2(n−i)z2; q4n)∞
(−q2(n−L)z2; q4n)∞(−q2(n+i)z2; q4n)∞ ,
(
1 ≤ i ≤ n− 1
0 ≤ L = M ≤ n− 1
)
Let us consider the action of Type-II vertex operators. Using the bosonic ex-
pression of the vacuum |i〉B, we have
Ψ
∗ (i+1,i)
n−1 (z)|i〉B = z2(δi,0−1)
ϕ(i)(q−1z−1)
ϕ(i)(q−1z)
Ψ
∗ (i+1,i)
n−1 (z
−1)|i〉B .
For L = 0 ≤ M ≤ n − 1, A. Doikou and R.I. Nepomechie [10] derived the
boundary S-matrix by the Bethe Ansatz method. Their result is expressed by
the q−gamma function. By changing variables
z
1
n = (−1) 1n (q2)
√−1λ/n, r = (q2)ξ,
their results coincide to ours.
3.2 Dual Vacuum
Let us consider the dual vacuum vector B〈i|. As the same arguments as the
previous subsection, we construct the bosonic formulas for the dual vacuum
vectors. We make the ansatz that the dual vacuum has the following form.
B〈i| = 〈i|eGi,
where
Gi =
n−1∑
s,t=1
∞∑
k=1
γs,t(k)as(k)at(k) +
n−1∑
s=1
∞∑
k=1
δ(i)s (k)as(k). (21)
Using the bosonic formulas of the vertex operators, and comparing the both
sides of the equation (7), we have
γs,t(k) =
−kq−2k
2[k]
× Is,t(k), (22)
where we have used the element of the matrix (9). Using the explicit formulas
of γs,t(k), we have the simple formulas of the action of the basic operators to
the dual vacuum vectors.
B〈i|eP
∗(z) = h∗(i)(z)B〈i|eQ
∗(1/z),
B〈i|eS
−
j
(w) = g
∗(i)
j (w)B〈i|eR
−
j
(q2/w), (1 ≤ j ≤ n− 1),
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where
h∗(i)(z) = exp
(
−1
2
∞∑
k=1
[(n− 1)k]
[nk]k
qkz2k +
∞∑
k=1
[k]
k
δ
(i)
1 (k)q
3k/2zk
)
,
and
g
∗(i)
j (w) = exp
(
−1
2
∞∑
k=1
[2k]
[k]k
q−kw2k −
∞∑
k=1
n−1∑
s=1
δ(i)s (k)
[(aj |as)k]
k
qk/2wk
)
.
The 0-th component of the equation (7) reduces to
ϕ(i)(z) = k0(z)
−1h∗(i)(z), (0 ≤ i ≤ n− 1). (23)
Let us cosider the case B〈0|. As the same arguments as the previous subsection,
the integrand relations reduce to the following relations.
g
∗(0)
j (qw)
g
∗(0)
j (q/w)
=

−w2, j 6= L,M,
− (1− q
Lrw)
(1− qLr/w) , j = L,
− (1− q
M−2Lw/r)
(1− qM−2L/(rw)) , j = M,
(0 ≤ L < M ≤ n− 1)
Therefore we have
g
∗(0)
j (qw) =

(1 − w2), j 6= L,M,
(1 − w2)
(1− q−Lw/r) , j = L,
(1 − w2)
(1− q2L−Mrw) , j =M,
(0 ≤ L < M ≤ n− 1).
As the same arguments we have
g
∗(0)
j (qw) =

(1− w2), j 6= L,
(1− w2)
(1 + w2)
, j = L,
(0 ≤ L = M ≤ n− 1) .
Therefore the coefficients of the bosonic operators are given by (22) and
δ
(0)
j (k) = −(q−k/2 − q−3k/2)θk
n−1∑
s=1
Iˆj,s(k) (24)
+
{ −q(−L−3/2)kr−k Iˆj,L(k)− q(2L−M−3/2)krk Iˆj,M (k), (0 ≤ L < M ≤ n− 1)
−2(−1)k/2q−3k/2θk Iˆj,L(k), (0 ≤ L =M ≤ n− 1).
For the other boundary conditions B〈i|, (1 ≤ i ≤ n−1), the integrand relations
reduce to the following relation.
g
∗(i)
j (qw)
g
∗(i)
j (q/w)
= w2δj,i
g
∗(0)
j (qw)
g
∗(0)
j (q/w)
. (25)
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Therefore we have
g
∗(i)
j (qw) =

(1− w2), j 6= L,M,
(1− w2)(1 − qLrw), j = L,
(1− w2)
(1− q2L−Mrw) , j = M,
(
1 ≤ i ≤ n− 1, i = L
0 ≤ L < M ≤ n− 1
)
,
g
∗(i)
j (qw) =

(1− w2), j 6= L,M,
(1− w2)
(1− q−Lw/r) , j = L,
(1− w2)(1 − qM−2Lw/r), j = M,
(
1 ≤ i ≤ n− 1, i =M
0 ≤ L < M ≤ n− 1
)
,
g
∗(i)
j (qw) =

(1 − w2), j 6= L,M, i,
(1− w2)(1 + w2), j = i,
(1 − w2)
(1− q−Lw/r) , j = L,
(1 − w2)
(1− q2L−Mrw) , j = M,
(
1 ≤ i ≤ n− 1, i 6= L,M
0 ≤ L < M ≤ n− 1
)
,
and
g
∗(i)
j (qw) =

(1− w2), j 6= L, i,
(1 − w2)(1 + w2), j = i,
(1− w2)
(1 + w2)
, j = L,
(
1 ≤ i ≤ n− 1, i 6= L
0 ≤ L = M ≤ n− 1
)
,
g
∗(i)
j (qw) = (1 − w2),
(
0 ≤ i ≤ n− 1
0 ≤ L =M = i ≤ n− 1
)
Therefore the coefficients of the bosonic operators are given by (22) and
δ
(i)
j (k) = −(q−k/2 − q−3k/2)θk
n−1∑
s=1
Iˆj,s(k) (26)
+

q(L−3/2)krk Iˆj,L(k)− q(2L−M−3/2)krk Iˆj,M (k), i = L
−q(−L−3/2)kr−k Iˆj,L(k) + q(M−2L−3/2)kr−k Iˆj,M (k), i =M
−q(−L−3/2)kr−k Iˆj,L(k)− q(2L−M−3/2)krk Iˆj,M (k)
+2(−1)k/2q−3k/2θkIˆj,i(k), i 6= L,M
(
1 ≤ i ≤ n− 1
0 ≤ L < M ≤ n− 1
)
and
δ
(i)
j (k) = −(q−k/2 − q−3k/2)θk
n−1∑
s=1
Iˆj,s(k)
+ 2(−1)k/2q−3k/2θk(Iˆj,i(k)− Iˆj,L(k)),
(
1 ≤ i ≤ n− 1
0 ≤ L = M ≤ n− 1
)
.(27)
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The scalar factors of the refrection matrix ϕ(i)(z) are given by
ϕ(i)(z) =
1
k0(z)
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
, (0 ≤ L = M = i ≤ n− 1), (28)
ϕ(0)(z) =
1
k0(z)
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
(29)
×

(rq2Lz; q2n)∞((r−1z; q2n)∞)1−δL,0
(rq2n−2M+2Lz; q2n)∞((r−1q2n−2Lz; q2n)∞)1−δL,0
, (0 ≤ L < M ≤ n− 1),
((−q2Lz2; q4n)∞)1−δL,0
((−q4n−2Lz2; q4n)∞)1−δl,0 , (0 ≤ L =M ≤ n− 1).
ϕ(i)(z) =
1
k0(z)
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
(30)
×

(rq2nz; q2n)∞
(rq2n−2M+2Lz; q2n)∞
, (1 ≤ L = i < M ≤ n− 1),
(r−1q2n−2Lz; q2n)∞((r−1z; q2n)∞)1−δL,0
(r−1q2M−2Lz; q2n)∞((r−1q2n−2Lz; q2n)∞)1−δL,0
, (0 ≤ L < M = i ≤ n− 1),
(−q4n−2iz2; q4n)∞(rq2Lz; q2n)∞((r−1z; q2n)∞)1−δL,0
(−q2iz2; q4n)∞(rq2n−2M+2Lz; q2n)∞((r−1q2n−2Lz; q2n)∞)1−δL,0 ,
(0 ≤ L < M ≤ n− 1, i 6= L,M),
(−q4n−2iz2; q4n)∞((−q2Lz2; q4n)∞)1−δL,0
(−q2iz2; q4n)∞((−q4n−2Lz2; q4n)∞)1−δl,0 , (0 ≤ L = M ≤ n− 1, i 6= L).
4 Correlation functions
In the previous section we have constructed the bosonic formulas of the vacuum
and the dual vacuum. In this section we consider an application of these bosonic
formulas. We have constructed both vacuum and dual vacuum for the same
transfer matrix, in the following cases.
(1) Λi, (0 ≤ i ≤ n− 1), 0 ≤ L =M = i ≤ n− 1,
(2) Λi, (0 ≤ i ≤ n− 2), 0 ≤ L = i < M ≤ n− 1,
(3) Λi, (1 ≤ i ≤ n− 1), 0 ≤ L < M = i ≤ n− 1.
Therefore we can derive the vacuum expectation value for the above cases.
Let L be a linear opertor on the m-fold tensor product of the n-dimensional
vector space V ⊗ · · · ⊗ V . The corresponding local operator L acting on our
space of states V (Λi) can be defined in terms of the Type-I vertex operators,
in exactly the same way as in the bulk theory [6]. Explicitly, if Ej,k(m) is the
spin operator at the m-site
Ej,k(m) = Ej,k ⊗ id⊗ · · · ⊗ id,
16
the corresponding local operator E(i)j,k(m) is given by
E(i)j,k(m) = gmn
n−1∑
j1···jm−1=0
Φ
∗(i,i−1)
j1
(1) · · ·Φ∗(i−m+2,i−m+1)jm−1 (1)
× Φ∗(i−m+1,i−m)j (1)Φ(i−m,i−m+1)k (1)Φ(i−m+1,i−m+2)jm−1 (1) · · ·Φ
(i−1,i)
j1
(1),
where we have used
gn =
(q2; q2n)∞
(q2n; q2n)∞
.
Therefore the boundary magnetization is given by
n−1∑
j=0
ωjP
(i)
j (1), (31)
where ω is an n-th primitive root of 1, and we have used the one-point function
P
(i)
j (z) with a spectral parameter z, defined by
P
(i)
j (z) = gn
B〈i|Φ∗ (i,i−1)j (z)Φ(i−1,i)j (z)|i〉B
B〈i|i〉B . (32)
In order to evaluate the expectation value (32), we invoke the bosonization for-
mulas of various quantities. By normal-ordering the product of vertex operators,
for j = 0, n− 1, we have
P
(i)
j (z) = q
i(1− q2)n
∮
dw1
2piiw1
· · ·
∮
dwn−1
2piiwn−1
1
wi
×
n−2∏
l=1
1
(1− qwl/wl+1)(1− qwl+1/wl)I(z, w1/q, · · · , wj/q, q
n+1wj+1, · · · , qn+1wn−1)
×

w1
z
1
(1− qn+1w1/z)(1− qz/wn−1)(1 − qwn−1/z) , (j = 0),
wn−1
1
(1− qz/w1)(1− qw1/z)(1− qn+3z/wn−1) , (j = n− 1).
(33)
where the contours of integrals are taken as |qwl/wl+1|, |qwl+1/wl| < 1, (1 ≤ l ≤
n−2) and, for j = 0 case we add the conditions |qn+1w1/z|, |qz/wn−1|, |qwn−1/z| <
1, for j = n− 1 case, we add the conditions |qz/w1|, |qw1/z|, |qn+3z/wn−1| < 1.
For 1 ≤ j ≤ n− 2, we have
P
(i)
j (z) = q
i(1− q2)n
∮
dw1
2piiw1
· · ·
∮
dwn−1
2piiwn−1
1
wi
(34)
×
n−2∏
l=1
l 6=j
1
(1− qwl/wl+1)(1− qwl+1/wl)I(z, w1/q, · · · , wj/q, q
n+1wj+1, · · · , qn+1wn−1)
× wjwj+1
z
1
(1− qz/w1)(1− qw1/z)(1− qn+3wj+1/wj)(1 − qz/wn−1)(1 − qwn−1/z) ,
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where the contour of integrals is taken as |qwl/wl+1|, |qwl+1/wl| < 1, (1 ≤ l 6=
j ≤ n− 2) and |qz/w1|, |qw1/z|, |qn+3wj+1/wj |, |qz/wn−1|, |qwn−1/z| < 1.
Here we have set
I(z, w1, · · · , wn−1)× B〈i|i〉B
= B〈i| exp
(
[2k]
∞∑
k=1
n−1∑
p=1
n−1∑
l=1
Ip,l(k)xl(k)ap(−k)
)
× exp
(
[2k]
∞∑
k=1
n−1∑
p=1
n−1∑
l=1
Ip,l(k)yl(k)ap(k)
)
|i〉B, (35)
where
xj(k) =

q3k/2
[2k]
zk − q
k/2
[k]
wk1 +
qk/2
[2k]
wk2 , (j = 1),
qk/2
[2k]
wkj−1 −
qk/2
[k]
wkj +
qk/2
[2k]
wkj+1, (2 ≤ j ≤ n− 2),
q(2n+3)k/2
[2k]
zk − q
k/2
[k]
wkn−2 +
qk/2
[2k]
wkn−1, (j = n− 1),
(36)
and
yj(k) =

−q
−k/2
[2k]
z−k +
qk/2
[k]
w−k1 −
qk/2
[2k]
w−k2 , (j = 1),
−q
k/2
[2k]
w−kj−1 +
qk/2
[k]
w−kj −
qk/2
[2k]
w−kj+1, (2 ≤ j ≤ n− 2),
−q
−(2n+1)k/2
[2k]
z−k +
qk/2
[k]
w−kn−2 −
qk/2
[2k]
w−kn−1, (j = n− 1),
(37)
Here Ip,l(k) is defined in (9). To calculate the vacuum expectation values (46),
we use the coherent states. Let us define the coherent state by
|ξ1 · · · ξn−1〉i = exp
(
n−1∑
p=1
∞∑
k=1
k
[k][2k]
ξp(k)ap(−k)
)
|i〉,
and
i〈ξ¯1 · · · ξ¯n−1| = 〈i| exp
(
n−1∑
p=1
∞∑
k=1
k
[k][2k]
ξ¯p(k)ap(k)
)
.
The coherent states enjoy
ap(k)|ξ1 · · · ξn−1〉i =
n−1∑
j=1
[(ap|aj)k]
[2k]
ξj(k)|ξ1 · · · ξn−1〉i,
i〈ξ¯1 · · · ξ¯n−1|ap(−k) =i 〈ξ¯1 · · · ξ¯n−1|
n−1∑
j=1
[(ap|aj)k]
[2k]
ξ¯j(k),
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and
id =
∫ ∞
−∞
(−1
2pii
)n−1 n−1∏
i=1
∏
k>0
k[(i+ 1)k]dξi(k)dξ¯i(k)
[2k]2[k]
× exp
− n−1∑
i,j=1
∞∑
k=1
[(ai|aj)k]k
[k][2k]2
ξi(k)ξ¯j(k)
 |ξ1 · · · ξn−1〉i i〈ξ¯1 · · · ξ¯n−1|,
where the integration is taken over the entire complex plane with the measure
dξdξ¯ = −2idxdy for ξ = x + iy. Using this completness relation, we have the
following.
I(z, w1, · · · , wn−1)
=
∞∏
k=1
exp
(
1
q2nk − 1
[2k]2
[k][nk]k
×
{
n−1∑
l=1
[lk][(n− l)k]
(
−q2nkxl(k)yl(k) + q
−2k
2
xl(k)
2 +
q2(n+1)k
2
yl(k)
2
)
+
∑
1≤l1<l2≤n−1
[l1k][(n− l2)k]
(
−q2nkxl1yl2 − q2nkxl2yl1 + q−2kxl1xl2 + q2(n+1)kyl1yl2
)
+
n−1∑
l=1
[lk][(n− l)k]
(
β¯
(i)
l (k)(q
−2kxl(k)− yl(k)) + δ¯(i)l (k)(q2(n+1)kyl(k)− xl(k))
)
+
∑
1≤l1<l2≤n−1
[l1k][(n− l2)k]
(
β¯
(i)
l1
(k)(q−2kxl2(k)− yl2(k)) + β¯(i)l2 (k)(q−2kxl1(k)− yl1(k))
+ δ¯
(i)
l1
(k)(q2(n+1)kyl2(k)− xl2(k)) + δ¯(i)l2 (k)(q2(n+1)kyl1(k)− xl1(k))
)})
.
and
B〈i|i〉B
=
∞∏
k=1
(
1√
1− q2nk
)n−1 ∞∏
k=1
exp
(
1
q2nk − 1
[2k]2
[k][nk]k{
n−1∑
l=1
[lk][(n− l)k]
(
−β¯(i)l (k)δ¯(i)l (k) +
q−2k
2
β¯
(i)
l (k)
2 +
q2(n+1)k
2
δ¯
(i)
l (k)
2
)
+
∑
1≤l1<l2≤n−1
[l1k][(n− l2)k]
(
−β¯(i)l1 δ¯
(i)
l2
− δ¯(i)l1 β¯
(i)
l2
+ q−2kβ¯(i)l1 β¯
(i)
l2
+ q2(n+1)k δ¯
(i)
l1
δ¯
(i)
l2
)
 .
Here we have used
β¯
(i)
l (k) =
n−1∑
s=1
[(al|as)k]
[2k]
β(i)s (k), δ¯
(i)
l (k) =
n−1∑
s=1
[(al|as)k]
[2k]
δ(i)s (k).
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The sum in the right-hand sides are evaluated as follows.
The Norm of the vacuum vectors :
(1) Λi, (0 ≤ i ≤ n− 1), 0 ≤ L =M = i ≤ n− 1 case.
B〈i|i〉B (38)
=
1√
(q4n; q4n)∞
n−1∏
j=1
{√
(q4n+2−2j ; q4n)∞(q4n−2−2j ; q4n)∞
(q4n−2j ; q4n)∞
}j(n−j)
.
(2) Λi, (0 ≤ i ≤ n− 2), 0 ≤ L = i < M ≤ n− 1 case.
B〈i|i〉B (39)
=
1√
(q4n; q4n)∞
n−1∏
j=1
{√
(q4n+2−2j ; q4n)∞(q4n−2−2j ; q4n)∞
(q4n−2j ; q4n)∞
}j(n−j)
×
M−L∏
s=1
(q4n−2M+2L−2sr2; q4n)∞
(q2n−2sr2; q4n)∞
, (0 ≤ L = i < M ≤ n− 1),
(3) Λi, (1 ≤ i ≤ n− 1), 0 ≤ L < M = i ≤ n− 1 case.
B〈i|i〉B (40)
=
1√
(q4n; q4n)∞
n−1∏
j=1
{√
(q4n+2−2j ; q4n)∞(q4n−2−2j ; q4n)∞
(q4n−2j ; q4n)∞
}j(n−j)
×
M−L∏
s=1
(q2n+2M−2L−2sr−2; q4n)∞
(q4M−4L−2sr−2; q4n)∞
, (0 ≤ L < M = i ≤ n− 1).
Integrand of Correlation Functions :
(1) Λi, (0 ≤ i ≤ n− 1), 0 ≤ L =M = i ≤ n− 1 case.
I(z, w1, · · · , wn−1) = J(z, w1, · · · , wn−1), (0 ≤ L =M = i ≤ n− 1). (41)
(2) Λi, (0 ≤ i ≤ n− 2), 0 ≤ L = i < M ≤ n− 1 case.
I(z, w1, · · · , wn−1) (42)
= J(z, w1, · · · , wn−1)× (1− rz)
(1 − rq−M−1wM ) ,
(
i = L = 0 < M ≤ n− 1 ) ,
and
I(z, w1, · · · , wn−1) = J(z, w1, · · · , wn−1) (43)
× (q
L−1rwL)∞(q2n+L+1r/wL)∞(q2n−M−1rwM )∞(q2n−M+1r/wM )∞
(q2n−2M+L−1rwL)∞(q2n−2M+L+1r/wL)∞(q2L−M−1rwM )∞(q2n+2L−M+1r/wM )∞
× (q
2n+2L−2Mrz)∞(q2n+2L−2Mrz−1)∞
(q2nrz)∞(q2nrz−1)∞
, (1 ≤ L = i < M ≤ n− 1) .
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(3) Λi (1 ≤ i ≤ n− 1), 0 ≤ L < M = i ≤ n− 1.
I(z, w1, · · · , wn−1) (44)
= J(z, w1, · · · , wn−1)× (1− 1/(rz))
(1− qM+1/(rwM )) , (0 = L < M = i ≤ n− 1),
and
I(z, w1, · · · , wn−1) = J(z, w1, · · · , wn−1) (45)
× (q
2M−L−1r−1wL)∞(q2M−L+1r−1w−1L )∞(q
M−2L−1r−1wM )∞(q2n−2L+M+1r−1w−1M )∞
(q−L−1r−1wL)∞(q2n−L+1r−1w−1L )∞(qM−1r−1wM )∞(qM+1r−1w
−1
M )∞
× (r
−1z)∞(r−1z−1)∞
(q2M−2Lr−1z)∞(q2M−2Lr−1z−1)∞
, (1 ≤ L < M = i ≤ n− 1).
Here we have set the function J(z, w1, · · · , wn−1) by
J(z, w1, · · · , wn−1) = (q2n)n∞(q2n+2)n∞
(qnz; qn)∞(qnz−1; qn)∞
(qz; qn)∞(qz−1; qn)∞
×
√
(q2nz2)∞(q2nz−2)∞(q2z2)∞(q2z−2)∞ (46)
×
n−1∏
j=1
{
(q−1wj ; qn)∞(qn+1w−1j ; q
n)∞
(wj ; qn)∞(qn+2w−1j ; qn)∞
√
(w2j )∞(q−2w
2
j )∞(q2nw
−2
j )∞(q2n+2w
−2
j )∞
}
×
n−2∏
j=1
{
(q−1wjwj+1)∞(q2n+1wjw−1j+1)∞(q
2n+1w−1j wj+1)∞(q
2n+3w−1j w
−1
j+1)∞
}−1
× {(zw1)∞(q2n+2zw−11 )∞(q2nz−1w1)∞(q2n+2z−1w−11 )∞}−1
× {(qnzwn−1)∞(q3n+2zw−1n−1)∞(qnz−1wn−1)∞(qn+2z−1w−1n−1)∞}−1 .
Here we have used the abberiviation.
(z)∞ = (z; q2n)∞.
We summarize the main result of this section. For the asymptotic boundary
conditions V (Λi) , (i = 0, · · · , n − 1), let us consider the following boundary
conditions,
(1) 0 ≤ L = M = i ≤ n−1, (2) 0 ≤ L = i < M ≤ n−1, (3) 0 ≤ L < M = i ≤ n−1.
Then the boundary magnetization is given by
n−1∑
j=0
ωjP
(i)
j (1),
where the correlation function P
(i)
j (z) is given in (33) and (34), the integrand
function of the correlation function P
(i)
j (z) is given in (41), (42), (43),(44), (45),
and (46). and ω is an n-th primitive root of 1.
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5 Appendix
For reader’s convenience, we summarize the bosonizations of the vertex opera-
tors [9]. Let C[P¯ ] be the C-algebra generated by symbols {eα2 , · · · , eαn−1, eΛ¯n−1}
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which satisfy the following defining relations :
eαieαj = (−1)(αi|αj)eαjeαi , (2 ≤ i, j ≤ n− 1),
eαieΛ¯n−1 = (−1)δi,n−1eΛ¯n−1eαi , (2 ≤ i ≤ n− 1).
For α = m2α2+· · ·+mn−1αn−1+mnΛ¯n−1, we denote em2α2 · · · emn−1αn−1emnΛ¯n−1
by eα. Let C[Q¯] be the C-algebra generated by the symbols {eα1 , · · · , eαn−1}
which satisfy the following defining relations :
eαieαj = (−1)(αi|αj)eαjeαi , (1 ≤ i, j ≤ n− 1).
Let the boson be the C-algebra generated by the symbols as(k), (s ∈ {0, 1, · · · , n−
1}, k ∈ Z) which satisfy the following defining relations :
[as(k), at(l)] = δs,t
[(as|at)k][k]
k
.
The highset weight module V (Λi) is realized as
V (Λi) = C[as(−k), (s ∈ {0, 1, · · · , n− 1}, k ∈ Z ≥ 0)]⊗ C[Q¯]eΛ¯i .
Here the actions of the operators as(k), ∂α, e
α on V (Λi) are defined as follows :
as(k)f ⊗ eβ =
{
as(k)f ⊗ eβ , (k < 0),
[as(k), f ]⊗ eβ, (k > 0),
∂αf ⊗ eβ = (α|β)f ⊗ eβ.
eαf ⊗ eβ = f ⊗ eαeβ .
The bosonizations of the vertex operators are given by
Φ
(i,i+1)
n−1 (z) = e
P (z)eQ(z)eΛ¯n−1(qn+1z)
∂Λ¯n−1+
n−i−1
n (−1)(∂Λ¯1−n−i−1n )(n−1)+ 12 (n−i)(n−i−1),
Φ
(i,i+1)
j−1 (z) = [Φ
(i,i+1)
j (z), fj ]q =
∮
dwj
2pii
[Φ
(i,i+1)
j (z), e
R−
j
(wj)eS
−
j
(wj)e−αjw
−∂αj
j ]q,
Φ
∗(i+1,i)
0 (z) = e
P∗(z)eQ
∗(z)eΛ¯1((−1)n−1qz)∂Λ¯1+ in qi(−1)in+ 12 i(i+1),
Φ
∗(i+1,i)
j (z) = [fj,Φ
∗(i+1,i)
j−1 (z)]q−1 =
∮
dwj
2pii
[eR
−
j
(wj)eS
−
j
(wj)e−αjw
−∂αj
j ,Φ
∗(i+1,i)
j−1 (z)]q−1 ,
Ψ
(i,i+1)
0 (z) = e
−P∗(q−1z)e−Q
∗(qz)e−Λ¯1((−1)n+1qz)−∂Λ¯1+n−i−1n q−i(−1)in+ 12 i(i+1),
Ψ
(i,i+1)
j (z) = [Ψ
(i,i+1)
j−1 (z), ej]q =
∮
dwj
2pii
[Ψ
(i,i+1)
j−1 (z), e
−R−
j
(q−1wj)e−S
−
j
(qwj)eαjw
∂αj
j ]q,
Ψ
∗(i+1,i)
n−1 (z) = e
−P (q−1z)e−Q(qz)e−Λ¯n−1(qn+1z)−∂Λ¯n−1+
i
n (−1)(∂Λ¯1−n−in )(n−1)+ 12 (n−i)(n−i−1),
Ψ
∗(i+1,i)
j−1 (z) = [ej,Ψ
∗(i+1,i)
j (z)]q−1 =
∮
dwj
2pii
[e−R
−
j
(q−1wj)e−S
−
j
(qwj)eαjw
∂αj
j ,Ψ
∗(i+1,i)
j (z)]q−1 ,
(i = 0, · · · , n− 1, j = 1, · · · , n− 1),
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where we have used
P (z) =
∞∑
k=1
a∗n−1(−k)q
2n+3
2 kzk, Q(z) =
∞∑
k=1
a∗n−1(k)q
− 2n+12 kz−k,
P ∗(z) =
∞∑
k=1
a∗1(−k)q
3
2kzk, Q∗(z) =
∞∑
k=1
a∗1(k)q
− 12kz−k,
R−j (w) = −
∞∑
k=1
aj(−k)
[k]
q
k
2wk, S−j (w) =
∞∑
k=1
aj(k)
[k]
q
k
2w−k,
a∗n−1(k) =
n−1∑
l=1
−[lk]
[k][nk]
al(k), a
∗
1(k) =
n−1∑
l=1
−[(n− l)k]
[k][nk]
al(k).
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